The multiple zeta values (MZVs) form a set of real numbers with, what we believe and module Zagier's Conjecture, a beautiful structure as an algebra over the rational numbers. In this paper we show partial solutions to five well known conjectures about the MZV obtained by using linear systems and shu✏e products. We use computer algebra systems to study these conjectures and make our code available online.
Preliminary
Let s = (s 1 , s 2 , · · · , s k ) be a tuple of positive natural numbers with s 1 > 1 1 and s i > 0 for i = 2, · · · k. Consider the real numbers also known as the multiple zeta values (MZV) ⇣(s) = X n 1 >n 2 >···>n k >0 1 n s 1 1 n s 2 2 · · · n s k k .
The MZV can be viewed as limits at t = 1 of the polylogarithms: for any z 2 C with |z| < 1 Li s 1 ,··· ,s k (z) := X n 1 >···>n k >0 n s 1 1 · · · n s k k z n 1 .
In mathematics these functions are used to express dynamical systems [9] and Feynman diagrams. For more information about the polylogarithms the reader can see the book of Nielsen [8] .
Our main interest is to study of polynomial relations over Q of the MZV. For MZV of length k = 1 and even degree there is a formula due to Euler ⇣(s) = (2⇡i) s B s 2s! for s = 2, 4, 6, · · · , which expresses the values of the zeta functions at even points in terms of the Bernoulli numbers B s 2 Q defined by the generating function Therefore the transcendence degree of the ring Q[⇣ (2) , ⇣(4), · · · ] = Q[⇡ 2 ] over Q is 1. Much less is known about the arithmetic nature of values of the zeta function at odd integers ⇣(3), ⇣ (5) , · · · . We believe that each one of these numbers is transcendent, but we only know by Apery's theorem that ⇣(3) is an irrational number. On the other hand for the multi-index (k > 1) MZV there are more relations explained by a rich algebraic structure over an associative algebra which surjects to the algebra of the MZV over Q. For example, for ⇣(2, 1) Euler's identity says
The big problem is: Find all the relations between the MZV. Apparently all the relations are explained by the shu✏e and stu✏e products and the main conjecture about it is Zagier's conjecture which determines the dimension of the Q-algebra of the MZV of a fixed degree over Q. We will start this paper by defining the shu✏e and stu✏e products in section 2. We will also state Zagier's conjecture. The goal of section 3 is to explain the Kaneko-Noro-Tsurumaki conjecture [7] which reduces the complexity of the system to solve. In section 4 we will introduce the Petitot-Minh approach to Zagier's conjecture using the xtaylor algorithm. In section 5 we will talk about the transcendence degree over Q and the 2-3 conjecture. Finally in section 6 we present the Broadhurst-Kreimer conjecture and the decomposability of the MZV. We started this project because we are inspired by the Petitot-Minh paper [11] . We will follow its notation and definitions.
A source of relations
Consider the alphabet X = {x 0 , x 1 } and encode the multi-index s = (s 1 , · · · , s k ) by the rule
Then the degree of the MZV ⇣(s) is by definition the degree of the monomial in the variables x 0 , x 1 that is the natural number s 1 + s 2 + · · · s k . Let H 1 and H 2 be the sub-algebras Q · 1 QhXix 1 and Q · 1 x 0 QhXix 1 , respectively. Let us define the the shu✏e product and the stu✏e or second shu✏e product ⇤ over QhXi by the rules
with the encoding s i $ x s i 1 0
x 1 $ y i in the sub-algebras H 1 and H 2 respectively. Inductive arguments enable us to prove that each of the above products is commutative and associative. Observe that (QhXi, ) and (QhXi, ⇤) are associative algebras over Q. The motivation for these products is explained in the following examples.
Example 1 (The Stu✏e product) Using ⌃ notation, the MZV ⇣(2) 2 can be expressed as
This is ⇣(2) 2 = 2⇣(2, 2) + ⇣(4).
Using stu✏e notation, it should be clear that
Consider the function ⇣ as the Q-linear map ⇣ :
The following theorem then looks natural.
The proof of the theorem above can be found in [4] in the context of quasi-symmetric functions and in [11] .
On the other hand, for the motivation of the shu✏e product consider a MZV expressed as the multiple integral
Example 3 Using the integral notation above for the MZV ⇣(2) 2 we have
Using the shu✏e product the same identity is given by:
Theorem 4 Under the shu✏e product, the map ⇣ :
The proof can be found in [14] .
Corollary 5 For any two words w, w 0 in H 2
This corollary is very important because it is our main source of relations for the multiple zeta values. Our object of study is the ideal generated by this di↵erence
Conjecture 7 (Zagier) Let d p be the dimension of Z p as a Q-vector space. Then
Here are some examples of this conjecture.
• p = 5,
It has been proved by Goncharov in [3] and Terasoma that the numbers defined by the recurrence relation of Zagier Conjecture provide upper bounds for the actual dimension Z p .
For the Zeta Value ⇣(3) we only know that it is an irrational number, Apéry's number, and that at least one amongst ⇣(5), ⇣(7), ⇣(9) and ⇣(11) is irrational [18] . 3 Kaneko-Noro-Tsurumaki conjecture and the Ihara-Kaneko-Zagier regularization process So far we have a nice way to generate relations between the MZV with the "shu✏e -stuttle" process. The computational problems are:
• Too many equations.
• What is the minimum number of equations that give all the relations?
• How to reduce the number of variables?
To solve this problem Ihara-Kaneko-Zagier introduced the notion of regularization. Below is a brief introduction to the subject. We refer the reader to [7] and [6] for additional details.
It is known from [15] that (H 1 , ) is a commutative algebra and isomorphic to the polynomial algebra over H 2 with one variable, i.e.
Let reg : H 1 ! H 2 be the map "constant term" from the above isomorphism of shu✏e algebras. reg :
Example 8
This process and the following theorem will significantly reduce the number of variables to elements only in H 2 .
Theorem 9 (From [6] ) For any w 0 2 H 2 and w 1 
Given an integer n, let w, w 0 2 H 1 be elements such that degree(w) + degree(w 0 ) = n. Then the regularization process is given by a linear system of relations between the MZV as variables of the monomials in H 2 of degree n. The number of variables is 2 n 1 . This works, but due to limitations of space then there is a new problem: Too many equations. This is where the Kaneko-Noro-Tsurumaki conjectures plays a role.
Then all the relations of the MZV of weight n are given by
For n > 7 the Kaneko-Noro-Tsurumaki linear system has 2 n 1 relations and 2 n 1 equations whose null space is generated by the MZV relations of degree n. We verify this conjecture by computing the dimension of the space Z p with the relations given by Kaneko-Noro-Tsurumaki with the dimensions in Zagier conjecture. All the code is available online.
Petitot-Minh's approach and Zagier's conjecture
In this section we will explain Petitot and Minh's approach to Zagier's conjecture using the xtaylor algorithm. We will also discuss their conjecture about the algebraic structure of the algebra of MZV over the rationals. More details about this can be found in [11] . This paper was motivated by this work so we follow its ideas and notations.
Definition 11 A word l 2 Qhx 0 , x 1 i on the letters x 0 , x 1 is a Lyndon word if it is smaller than any of its proper right factors in the lexicographic order.
The Lyndon words play an important role in the associative algebra (Qhx 0 , x 1 i, ) and will determine a basis for the calculations of the MZV relations.
Example 12 A few examples of Lyndon words are
Before stating the Minh-Petitot conjecture we will see that the set of Lyndon words form a basis for Qhx 0 , x 1 i. We will express any words in terms of this basis.
Theorem 13
The set L of all Lyndon words over x 0 , x 1 is a polynomial basis for the commutative shu✏e algebra Qhx 0 ,
The proof of the theorem above is in [13] . In the rest of this sections there are some definitions that we need for the xtaylor algorithm, which illustrates the theorem. For more details we refer the reader to [11] .
Definition 14 (The bracket) For any Lyndon word l, the bracketed form [l], is defined as follows:
with [x 0 ] = x 0 ,[x 1 ] = x 1 and [x 0 , x 1 ] = x 0 x 1 x 1 x 0 and for l = uv, where u, v are Lyndon words and v is the longest Lyndon word such that l = uv. We are ready to explain the xtaylor algorithm. This algorithm appeared first in Petitot's doctoral thesis. First we need a derivation, then we find a set of possible divisors. At this stage we improve the xtaylor algorithms as they appear in [11] by looking at a small set of factors for every non-Lyndon word. For example the word (xy 2 ) 2 xy associated to the MZV ⇣(2, 1, 2, 1, 2) will have factors in the xtaylor process the Lyndon words {xy, xy 2 } i.e. {⇣(2), ⇣(2, 1)}.
In general, the word ⇣(s 1 , s 2 , · · · , s k ) will have as a factor a word in the sub-sequence of s 1 , s 2 , · · · , s k that are also Lyndon words, that means the set
where the (s 1 , s 2 , · · · , s j ) correspond to a Lyndon words. Once a divisor is found, we will continue to do the xtaylor process for the residuals as we will see later when we explain the whole process. Those elements whose di↵erentiation by who are not zero are the Lyndon divisors. This process follows the idea of the Taylor algorithm. The only missing concept here is the di↵erential.
Lemma 17 (lemma 2.1 [11] ) The operation ⇤ [ ] is a di↵erential for the shu✏e product. We are now ready to present the Minh-Petitot conjecture and their explanation.
Lemma 19 (4.1 [11] ) Let R = k[X 1 , X 2 , · · · , X n ] be a polynomial ring, I an ideal of R, and G ⇢ R a Gröbner basis of I for any admissible order. If the leading terms of polynomials of G are single indeterminates then the algebra R/I is free and the ideal I is prime.
Conjecture 20 (Minh-Petitot) The Q-algebra of the MZV is a polynomial algebra.
Example 21 Consider the Q-algebra Z 6 generated by all the MZV of weight less than 7: ⇣(2, 1) , · · · , ⇣(6)].
By Zagier and Minh-Petito conjectures Z 6 must be a free Q-algebra on three variables, in this case
Assuming Zagier conjecture in this context means that the only relations between the MZV ⇣(s) are given by the shu✏e -stu✏e product, which means, for example, that the MVZ ⇣(2n + 1) are all transcendent over Q. For the following sections we are still assuming Zagier Conjecture.
5 Apparently transcendence degree of Z p over Q and the 2-3 conjecture
First, let us state the Ho↵man conjecture about the space Z p .
Conjecture 22 (Ho↵man) The MZV ⇣(s 1 , · · · , s k ), with p = s 1 + · · · s k and s 1 , · · · , s k 2 {2, 3}, form a basis for the Q-algebra Z p .
A recent result from Brown [1] is the following theorem.
Theorem 23 Let s i 2 {2, 3} for i 1. The numbers ⇣(s 1 , · · · , s k ) span the Q-space of all the MZV.
The linearly independency of the numbers ⇣(s 1 , · · · , s k ) in the previous theorem is equivalent to Zagier's conjecture. Let us look at the supposedly transcendency of a smaller set of the numbers. Let Z p be the Qalgebra of the MZVs of degree p or lower. For example the algebra Z 6 over Q is generated as an algebra by the possibly algebraically independent MZV ⇣(2), ⇣(3), ⇣ (5) . Therefore its apparently transcendence degree is 3. The natural question is to generalize this degree for higher algebras of MZV. As another application of the Lyndon words, there is another conjecture about it.
Conjecture 24
The set of MZVs {⇣(s 1 , s 2 , · · · , s k )} with k 1 is algebraically independent and forms a transcendence basis over Q for s j 2 {2, 3} and 1  j  k, such that s 1 s 2 · · · s k is a Lyndon word on the alphabet {2, 3}.
Modulo this conjecture we can tell what is the apparently transcendence degree of each one of these algebras in the tower of Q-algebras spanned by the MZV.
Corollary 25
The number N (p) of elements of weight p in a transcendence basis of the MZV is given by
where P l = P l 2 + P l 3 and P 1 = 0, P 2 = 2, P 3 = 3.
Example 26
Degree Lyndon MZV p = 2;
x; ⇣(2) p = 3; y; ⇣(3) p = 4; p = 5;
xy; ⇣(2, 3) p = 6; p = 7;
x 2 y; ⇣(2, 2, 3) p = 8; xy 2 ; ⇣(2, 3, 3) p = 9;
x 3 y; ⇣(2, 2, 2, 3)
In this context we have the following tower of fields over the rationals
Observe that Z 4 does not contribute with transcendent elements because Z 4 is algebraic over Z 2 .
Depth vs weight and the Broadhurst-Kreimer conjecture
Definition 27 The depth of the MZV ⇣(s 1 , s 2 , · · · , s k ) is k.
This last conjecture is about the "decomposability" of the MZV as a product of MZVs with smaller depth. For example, the MZV of depth 2: ⇣(2, 3) can be written in terms of the MZVs of depth 1: ⇣(2), ⇣(3) and ⇣(5) but for the MZV ⇣(6, 2) it is not known if it can be decomposed in MZV of depth 1.
The natural question is: Which MZV are not decomposable in terms of MZV of lower depth?
Conjecture 28 (Broadhurst-Kreimer) The number D n,k of indecomposable MZV of weight n and depth k generated by
(1 x n y k ) D n,k . 
Programs
The code developed for this paper in available online at: https://sites.google.com/site/combariza/research/a-few-conjectures-about-themultiple-zeta-values
We make the code available to anyone. One important remark here is that we only use linear algebra to verify Zagier's conjecture until degree 20.
GAP
We use GAP to verify the Kaneko-Noro-Tsurumaki conjecture. For a fixed degree n, we generate all the relations w 1 w 2 w 1 ⇤ w 2 for w 1 2 H 2 and w 2 2 {x 1 , x 0 x 1 , x 2 0 x 1 , x 0 x 2 1 } with degree(w 1 )+degree(w 2 ) = n. The rank of these matrices equals the dimensions appearing in Zagier's conjecture, showing that this number of relations is enough. The function used in the code for this is:
The output of this function is a Maple code given by the following matrix for degree four: ⇣(4) + ⇣(3, 1) ⇣(2, 2) = 0, ⇣(3, 1) ⇣(2, 2) + ⇣(2, 1, 1) = 0, ⇣(4) + 4⇣(3, 1) = 0, ⇣(4) + ⇣(3, 1) + ⇣(2, 2) = 0, ⇣(3, 1) ⇣(2, 2) + ⇣(2, 1, 1) = 0.
Magma
The main function in Magma is called "Replacing(GBasis, Xtay, Rel, filename)" with four inputs: the Gröbner basis for smaller degrees, the decompositions of the elements in H 2 as products of Lyndon words, the relations shu✏e -stu✏e and finally the file name of the output. The relations in degree four look like: ⇣(3, 1) ⇣(4) + 1 2 ⇣(2) 2 , ⇣(2, 1, 1) + ⇣(3, 1) 1 2 ⇤ ⇣(2) 2 , 4⇣(3, 1) ⇣(4).
It is easy to find the Gröbner basis using the Magma function GroebnerBasis( 
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